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Abstract
Using the chromo-electric dipole coupling Hamiltonian from QCD multipole expansion, we derive the dis-
sociation cross sections of heavy quarkonia by thermal gluons at next-to-leading order (NLO, also known
as inelastic parton scattering dissociation) in the Quark-Gluon Plasma (QGP) in the framework of second
order quantum mechanical perturbation theory. While suffering divergence (infrared and soft-collinear di-
vergences) in vacuum, the cross sections thus derived become finite in the QGP as rendered by the finite
thermal gluon masses. In contrast to the leading order (LO, also known as gluo-dissociation) counterparts
rapidly dropping off with increasing incident gluon energy, the NLO cross sections exhibits finite value to-
ward high energies because of new phase space being opened up. We then carry out a full calculation of
the dissociation rates for various charmonia and bottomonia within a non-relativistic in-medium potential
model. The NLO process is shown to dominate the dissociation rate toward high temperatures when the
binding energies of heavy quarkonia become smaller relative to the Debye screening mass.
Keywords: Heavy Quarkonium, Quark Gluon Plasma, Ultrarelativistic Heavy-Ion Collisions
PACS: 25.75.Dw, 12.38.Mh, 25.75.Nq
1. Introduction
It was first suggested in the seminal work by
Matsui and Satz [1] that heavy quarkonium (bound
states of heavy quark-antiquark QQ¯) dissociation,
as a result of the screening of the binding color
forces at short distances in a hot thermal bath,
can be used as a probe of the deconfined state
of nuclear matter known as Quark-Gluon Plasma
(QGP). This picture was supported by the experi-
mental observation of the sequential suppression of
the Υ states at the LHC [2], with the less bound ex-
cited 2S and 3S states being more suppressed than
the most tightly bound ground 1S states.
Besides static screening, however, other mecha-
nisms involving in particular collisions with plasma
particles can lead to dynamical dissociation of the
bound states. These collisional processes generate
inelastic widths that enter the transport equations
describing the evolution (yields, momentum spec-
tra) of the bound states in the QGP [3, 4, 5, 6, 7, 8,
9]. In this respect, the one that has been intensively
studied in the past decades is the gluo-dissociation
of heavy quarkonium g +Ψ→ Q+ Q¯ (Ψ denotes a
QQ¯ bound state) [10, 11, 12, 13, 14, 15, 17, 16, 18],
an analog of photo-dissociation of neutral atoms
owing to dipole transition. In this process, an ener-
getic thermal gluon from the medium is absorbed by
the bound state, thereby the binding energy of the
bound state is overcome, and the latter is dissoci-
ated into an unbound color octet (QQ¯)8. The cross
section of this leading order (LO) scattering of ther-
mal gluons off heavy quarkonium, when convoluted
with the gluon distribution function, leads to a dis-
sociation rate that decreases with increasing tem-
perature, see e.g., [18], due to the fact that as the
binding energy of the bound state gets lower, the
peak of the LO cross section shifts toward smaller
gluon energy corresponding to very small phase
space [19].
It was first noted in [19] that this artifact of the
LO approximation could be removed by taking into
account the next-to-leading order (NLO) inelastic
scattering g/q+Ψ→ g/q+Q+Q¯, and a “quasi-free”
scenario was proposed, in which the incident ther-
mal gluon/quark is not absorbed but instead is scat-
tered off the heavy quark Q (or Q¯) inside the bound
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state by exchanging another space-like gluon. The
NLO scattering of light quarks/gluons off heavy
quarkonium was then computed in the perturbative
QCD approach in [20]. However, after various di-
vergences were carefully handled, the resulting cross
section appeared negative in some kinematic re-
gion [20], obscuring the physical significance of the
result. A substantial step toward the understanding
of the NLO contribution to the heavy quarkonium
dissociation rate was the realization that the ef-
fective potential entering the Schro¨dinger equation
obeyed by the real-time propagator of aQQ¯ pair de-
velops an imaginary part because of Landau damp-
ing of the exchanged space-like gluon between Q
and Q¯ [21] in the environment of QGP. This imag-
inary part of heavy quark potential, now already
being confirmed by first-principle lattice QCD cal-
culations [22], was also evaluated in [23] and inter-
preted in terms of the collisions of Q or Q¯ within
the bound state with hot bath constituents, thereby
making closer connection to the “quasi-free” sce-
nario of the NLO inelastic scattering [19]. In the
framework of potential non-relativistic QCD (pN-
RQCD) at finite temperature built upon the hier-
archies of non-relativistic and thermal scales typi-
cal of heavy quarkonium in the QGP, the authors
of [17, 24] were able to derive the same imaginary
potential and further identify the LO dissociation
rate as arising from singlet-to-octet breakup, and
the NLO contribution as Landau damping.
In the present work, we revisit the NLO heavy
quarkonium dissociation by thermal gluons in the
QGP from the dynamical scattering point of view.
We calculate the NLO inelastic scattering cross sec-
tion of heavy quarkonium with thermal gluons in
the framework of second-order quantum mechani-
cal perturbation, using a color-electric dipole cou-
pling effective interaction Hamiltonian derived from
QCD multipole expansion [25, 26]. The method
adopted here allows for systematic incorporation of
bound state wave function, thereby going beyond
the “quasi-free” approximation. In the following
Sec. 2, we demonstrate the derivation of the NLO
dissociation cross section, using the 1S charmonium
state J/ψ as an example. The cross section thus de-
rived diverges in vacuum with massless gluons. In
Sec. 3, we employ a nonrelativistic in-medium po-
tential model and carry out a full calculation of the
NLO dissociation cross sections and pertinent disso-
ciation rates for various charmonia and bottomonia
in the QGP; here the NLO cross sections become
physical and finite as rendered by the thermal gluon
masses. These NLO dissociation rates indeed take
over from the LO counterparts toward high tem-
peratures; that is, the artifact inherent in the LO
approximation is removed. Finally, we briefly sum-
marize and give an outlook in Sec. 4.
2. Deriving the NLO dissociation Cross Sec-
tion
2.1. The effective interaction Hamiltonian
The color-electric dipole coupling of the QQ¯ sys-
tem to external soft gluons, being also a core con-
cept of the later developed pNRQCD [27], was first
derived by Peskin in a seminal operator-product-
expansion analysis of how a heavy quark system in-
teracts with external light degrees of freedom [10].
A key observation made by Peskin was, to arrive at
the dipole coupling, one needs to sum up all pos-
sible ways of coupling of an external gluon to the
QQ¯ system, in particular including the one pecu-
liar to QCD in which the external gluon couples
to the gluon exchanged between the Q and Q¯ [10].
Peskin’s perturbative analysis was promoted to the
effective Lagrangian level from the perspective of
multipole expansion of QCD, which can further be
transcribed into a nonrelativistic effective Hamilto-
nian [25]
Heff = H0 +HI ,
H0 =
~p2
mQ
+ V1(|~r|) +
∑
a
λa
2
λ¯a
2
V2(|~r|),
HI = VSO + VOO + V3g, (1)
where V1 and V2 are the QQ¯ potentials arising from
gluon exchange (~r being the relative QQ¯ separa-
tion) in color singlet and octet configurations, re-
spectively; together with the kinetic energy term,
they make up the zeroth order Hamiltonian H0 of
the QQ¯ system. The coupling of the QQ¯ system
to the external soft gluons HI consists of also two
parts: VSO being the QQ¯ singlet |S > to octet |O >
transition vertex (through interacting with an ex-
ternal gluon) that corresponds to a matrix element
< O, a|VSO|S > =< O, a|1
2
gs~r(
λb
2
− λ¯
b
2
) · ~Eb|S >
(2)
=
gs√
2Nc
~Eb· < O|~r|S > δab,
2
Figure 1: (Color online) Vertices for the QQ¯ singlet to octet
transition (upper), and octet to octet transition (lower), due
to interaction with an external gluon, with TF = 1/2 and
N = Nc = 3. Adapted from [26].
and VOO associated with the octet |O > to octet
transition with the matrix element
< O, a|VOO |O, b >= igs
2
dabc ~Ec· < O|~r|O > . (3)
These two kinds of vertices are pictorially rep-
resented in Fig. 1. In Eqs. (2) and (3), gs is
the strong coupling constant, Nc = 3 the num-
ber of colors in the fundamental representation
of SU(3), and λa/2 and λ¯a/2 the color matrices
of Q and Q¯, respectively; the a, b, c denote the
color indices of the (QQ¯)8 octet or the gluons,
dabc = 2tr[λa/2{λb/2, λc/2}] a totally symmetric
SU(3) group invariant, and Eai = ∂iA
a
0 − ∂0Aai +
gsf
abcAbiA
c
0 the color-electric field of the gluons
with color a, which reduces to ~Ea = −∂ ~Aa∂t in the
Weyl gauge Aa0 = 0.
In the interaction Hamiltonian of Eq. (1), we add
the three-gluon vertex V3g to account for the self-
interaction of external gluons at the order under
consideration (four-gluon vertex acts at higher or-
der in gs). In the Weyl gauge adopted here, V3g
arises from the energy density 1/2 ~Ba · ~Ba of color-
magnetic field ~Ba(t, ~x) = ▽× ~Aa − 1/2gsfabc ~Ab ×
~Ac, such that[28]
V3g = (−gs
4
)fabc
∫
d3~x[(▽× ~Aa) · ( ~Ab × ~Ac)
+ ( ~Ab × ~Ac) · (▽× ~Aa)], (4)
where fabc is the antisymmetric structure constant
of the SU(3) color group. The transverse gluon field
can be quantized
~Aa(t, ~x) =
∑
~k,λ
N~k~ǫ~kλ[a
a
~kλ
ei
~k·~x−iω~kt + h.c.], (5)
where ~k is the gluon momentum, ω~k the energy,
and ǫ~kλ=1,2 the two physical polarization vectors.
With normalization constant N~k =
√
~c2
2V ω~k
(V be-
ing the spatial volume) in the rationalized Gauss
unit as used here, the creation and annihilation op-
erators of gluons in Eq. (5) satisfy the commuta-
tion relation [aa~kλ, a
b†
~k ′λ ′
] = δ~k~k ′δλλ ′δ
ab. While the
derivation of the LO (gluo-dissociation) cross sec-
tion involves only the singlet to octet transition ver-
tex VSO [18], in deriving the NLO cross section, the
octet to octet transition vertex VOO and the three-
gluon vertex V3g will be also invoked.
2.2. Derivation of the NLO cross section
We now use the effective Hamiltonian specified
above to derive the NLO dissociation cross section
of the 1S charmonium state by an external gluon, i.
e., the process of g+J/ψ → g+c+c¯. We work in the
framework of the second order quantum-mechanical
perturbation and use the natural units ~ = c = 1
throughout.
We start with the standard expression of the
transition amplitude in second order perturbation
theory
Tfi =
∑
m
< f |HI |m >< m|HI |i >
Ei − Em + iǫ , (6)
(an overall phase factor ei(Ei−Ef )t that does not
affect the calculation of cross section is neglected)
where the initial state involves a bound state J/ψ
plus an incident gluon of momentum ~k, polariza-
tion λ and color a: |i >= |J/ψ, g(~k, λ, a) >, and
the final state involves an unbound octet (cc¯)8
of internal relative (between c and c¯) momentum
~p and color b, plus an outgoing gluon of mo-
mentum ~κ, polarization σ and color c: |f >=
|(cc¯)8(~p, b), g(~κ, σ, c) >. Note that we work in the
rest frame of the J/ψ and in the same spirit of calcu-
lating the LO (gluo-dissociation) cross section, ne-
glect the three-momentum transferred by the inci-
dent gluon to the J/ψ. The latter approximation is
justified by the fact that the mass of the QQ¯ bound
states (e.g., the mass of J/ψ is 3.097GeV, and of
Υ(1S) is 9.460GeV) is much larger than the typical
momentum of thermal gluons in QGP which is of
the order of temperature. As a result, the center-
of-mass momentum of the final state unbound octet
(cc¯)8 is neglected; that is, the rest frame of J/ψ is
approximately also the rest frame of the (cc¯)8, and
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then one needs only to deal with the internal rel-
ative momentum ~p of the (cc¯)8. Such an approx-
imation is apparently better for the more massive
bottomonium states.
Eq. (6) involves a summation over all possi-
ble intermediate states |m >. The transition
|i >→ |f > considered here can take place upon
either the successive action of VSO and VOO (cor-
responding to s- or u-channel reaction), or of
VSO and V3g (corresponding to t-channel reac-
tion). As required by particle number conserva-
tion, the intermediate states allowed in the former
case are (a). |m >= |(cc¯)8(~q, d) > and (b). |m >=
|(cc¯)8(~q, d), g(~k1, λ1, d1), g(~k2, λ2, d2) >; and in-
termediate states allowed in the latter case are
(c). |m >= |(cc¯)8(~q, d), g(~k1, λ1, d1), g(~k2, λ2, d2) >
and (d). |m >= |J/ψ, g(~k1, λ1, d1), g(~k2, λ2, d2) >.
It turns out there’s no interference between the am-
plitude of (a) + (b) and that of (c) + (d). So in the
following, we discuss the computations of these two
cases separately.
With the first kind of intermediate states
(a). |m >= |(cc¯)8(~q, d) >, the matrix element
< m|VSO|i > in the numerator of Eq. (6) can be
computed by using Eqs. (2) and (5)
< m|VSO|i >= δad igs
2
√
ω~k
3V
< (cc¯)8(~q)|~r · ~ǫ~kλ|J/ψ >
= δad
−gs√ω~k
2
√
3V
~ǫ~kλ · ∇~q
∫
d3re−i~q·~rR10(r)Y00(θ, φ)
= δad
(−gs)
V
√
πω~k
3
~ǫ~kλ ·
~q
q
∫
r3drj1(qr)R10(r),
(7)
where R10(r) is the normalized radial wave func-
tion of the 1S bound state J/ψ. We have ne-
glected the interaction between c and c¯ in the
octet state and therefore it is represented by a
plane wave. Upon a spherical wave expansion
e−i~p·~r = 4π
∑
l
∑
m(−i)ljl(pr)Ylm(θ, φ)Ylm(θ ′, φ ′)
(primed angels for ~p, and unprimed for ~r) and using
the orthogonality relation for the spherical harmon-
ics
∫ ∫
sinθdθdφY ∗lm(θ, φ)Yl ′m ′(θ, φ) = δll ′δmm ′ ,
and integrating out the coordinate angles, one is
left with only the spherical Bessel function of the
first order j1(qr).
In a similar way, the other matrix element in the
numerator of Eq. (6) can be computed by using
Eqs. (3) and (5)
< f |VOO|m >= gs
2
√
ω~κ
2V
δcfdbdf~ǫ~κσ· < (cc¯)8(~p)|~r|(cc¯)8(~q) >
=
(−igs)
2V
(2π)3dbdc
√
ω~κ
2V
ǫ~κσ · ∇~qδ3(~q − ~p), (8)
which involves no bound state wave function. Plug-
ging these two matrix elements into Eq. (6) and
performing the summation over the momentum ~q
and color d of the intermediate states |m >=
|(cc¯)8(~q, d) >, one obtains the first contribution to
the second order transition amplitude
T
(a)
fi =
(−ig2s)
2V 2
(2π)3
√
πω~kω~κ
6V
∑
d
δaddbdc
V
(2π)3
∫
d3~q~ǫ~kλ ·
~q
q
×
∫
r3drj1(qr)R10(r)
~ǫ~κσ · ∇~qδ3(~q − ~p)
−ǫB + ω~k − ~q
2
mQ
+ iǫ
= dbac
ig2s
2V
√
πω~kω~κ
6V
~ǫ~kλ · [A(p, k)~ǫ~κσ + (~ǫ~κσ · ~p)
~p
p2
B(p, k)],
(9)
where
A(p, k) =
∫
r3drj1(pr)R10(r)
p(−ǫB + ω~k − ~p
2
mQ
+ iǫ)
,
B(p, k) =
2p
mQ
∫
r3drj1(pr)R10(r)
(−ǫB + ω~k − ~p
2
mQ
+ iǫ)2
−
∫
r4drj2(pr)R10(r)
(−ǫB + ω~k − ~p
2
mQ
+ iǫ)
.
(10)
In Eq. (9), an integration by part with respect to∫
d3~q was performed to integrate out the δ3(~q − ~p)
and arrive at the last line. All energies (including
the binding energy ǫB of the bound states) are mea-
sured relative to the threshold of the cc¯ pair. We
note that the appearance of the spherical Bessel
function of the second order j2(pr) here is simply
ascribed to the selection rule ∆l = 1 of the color-
electric dipole transition that now acts twice from
the initial S-wave (l = 0) state.
For the second intermediate states (b). |m >=
|(cc¯)8(~q, d), g(~k1, λ1, d1), g(~k2, λ2, d2) >, similar but
a bit more lengthy (to handle the two-gluon state
with creation and annihilation operators, and also
summation over intermediate states now reads∑
m =
V
(2π)3
∫
d3~q
∑
d
∑
~k1λ1d1
∑
~k2λ2d2
) manipula-
tions lead to transition amplitude
T
(b)
fi = −dbac
ig2s
2V
√
πω~kω~κ
6V
× ~ǫ~kλ · [C(p, κ)~ǫ~κσ + (~ǫ~κσ · ~p)
~p
p2
D(p, κ)], (11)
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where the property of dabc being totally symmetric
has been exploited to simplify the algebras, and
C(p, κ) =
∫
r3drj1(pr)R10(r)
p(−ǫB − ω~κ − ~p2mQ + iǫ)
,
D(p, κ) =
2p
mQ
∫
r3drj1(pr)R10(r)
(−ǫB − ω~κ − ~p2mQ + iǫ)2
−
∫
r4drj2(pr)R10(r)
(−ǫB − ω~κ − ~p2mQ + iǫ)
.
(12)
So both T
(a)
fi , T
(b)
fi ∝ d
abc.
Now we move to the transition due to
successive action of VSO and V3g. For
the third intermediate state, (c). |m >=
|(cc¯)8(~q, d), g(~k1, λ1, d1), g(~k2, λ2, d2) >,
< m|VSO|i > = gs
V
√
πω~k1
3
δ~k2~kδλ2λδ
d2aδd1d~ǫ~k1λ1 ·
~q
q
×
∫
r3drj1(qr)R10(r), (13)
and
< f |V3g|m >= δbd (2π)
3
V
δ3(~p− ~q)
× < g(~κ, σ, c)|V3g |g(~k1, λ1, d1), g(~k2, λ2, d2) >
= (−gs
2
)
(2π)3
V
δ3(~p− ~q)
√
1
2V ω~k1ω~k2ω~κ
δbdfd1d2cδ~k1+~k2,~κ
× [(~ǫ~k1λ1 × i~k1) · (~ǫ~k2λ2 × ~ǫ~κσ)− (~ǫ~k2λ2 × i~k2) · (~ǫ~k1λ1 × ~ǫ~κσ)
− (~ǫ~κσ × i~κ) · (~ǫ~k1λ1 × ~ǫ~k2λ2)]. (14)
Combining < m|VSO|i > and < f |V3g|m > above
and performing the summation over intermediate
states, one arrives at the transition amplitude
T
(c)
fi = f
abc (−ig2s)
V
√
π
6V ω~kω~κ
{(~ǫ~κσ · ~p)(~ǫ~kλ · ~κ)
+ (~ǫ~κσ · ~k)(~ǫ~kλ · ~p)− (~ǫ~kλ · ~ǫ~κσ)
(~k2 − ~k · ~κ)~κ · ~p+ (~κ2 − ~k · ~κ)~k · ~p
(~k − ~κ)2
}
× 1
p
∫
r3drj1(pr)R10(r)
1
−ǫJ/ψB − ~p
2
mQ
− ω(~k − ~κ) + iǫ
.
(15)
Similarly, for the fourth intermediate state
(d). |m >= |J/ψ, g(~k1, λ1, d1), g(~k2, λ2, d2) >, the
transition amplitude
T
(d)
fi = f
abc ig
2
s
V
√
π
6V ω~kω~κ
{(~ǫ~κσ · ~p)(~ǫ~kλ · ~κ) + (~ǫ~κσ · ~k)(~ǫ~kλ · ~p)
− (~ǫ~kλ · ~ǫ~κσ)
(~k2 − ~k · ~κ)~κ · ~p+ (~κ2 − ~k · ~κ)~k · ~p
(~k − ~κ)2
}
× 1
p
∫
r3drj1(pr)R10(r)
1
ω(~k)− ω(~κ)− ω(~k − ~κ) + iǫ
.
(16)
Therefore both T
(c)
fi , T
(d)
fi ∝ f
abc.
We note that dabcfabc = 0, so that there’s no in-
terference between the amplitude T
(a)
fi + T
(b)
fi and
the amplitude T
(c)
fi + T
(d)
fi ; that is, they have inde-
pendent cross sections. For T
(a)
fi + T
(b)
fi , the corre-
sponding second order transition rate is given by
Γ
(a+b)
i→f =
2π
~
∑
f
|T (a)fi + T (b)fi |2δ(Ei − Ef ), (17)
which, upon dividing by the incident flux vrel/V
(vrel being the relative velocity between the inci-
dent gluon and the target J/ψ) and averaging (sum-
ming) over initial (final) state degeneracies, is con-
verted into the NLO cross section
σ(a+b)(Eg) = 2πV
V
(2π)3
∫
d3~p
∑
b
V
(2π)3
∫
d3~κ
∑
σ
∑
c
1
4π
∫
dΩ~k
× 1
2
∑
λ
1
8
∑
a
|T (a)fi + T (b)fi |2δ(−ǫB + ω~k −
~p2
mQ
− ω~κ),
(18)
where Eg = ω~k is the incident gluon energy in the
rest frame of J/ψ. The average (summation) over
initial (final) state degeneracies can be readily per-
formed by using the identity
1
4π
∫
dΩ~k
1
2
∑
λ=1,2
|~ǫ~kλ · ~ρ|2 =
1
3
|~ρ|2 (19)
twice (~ρ being an arbitrary vector independent of
Ω~k), the first for the polarization vector of the in-
cident gluon ~ǫ~kλ, and the second for that of the
outgoing gluon ~ǫ~κσ in the final state. Further using
the identity
∑
abc d
bacdbac = 40/3, the cross section
can be finally computed from
σ(a+b)(Eg) =
5
216π2
g4sEg
∫
p2dp
∫
κ2dκω~κ
× {· · · }δ(−ǫB + Eg − ~p
2
mQ
− ω~κ), (20)
5
where
{· · · } = [A2(p, k) + 1
3
B2(p, k) +
2
3
A(p, k)B(p, k)]
+ [C2(p, κ) +
1
3
D2(p, κ) +
2
3
C(p, κ)D(p, κ)]
− 2[A(p, k)C(p, κ) + 1
3
(A(p, k)D(p, κ)
+B(p, k)C(p, κ) +B(p, k)D(p, κ))]. (21)
Note that in Eqs. (10) and (12), upon using the
energy-conserving δ-function, the denominators ∝
ω~κ, ω~k, respectively, so that the zero point is not
reached and thus the iǫ factor can be dropped. To
see how the integrations over final state momenta
in Eq. (20) work out with δ-function, we define
pc =
√
(Eg − ǫB −mg)mQ, with mg being an effec-
tive gluon mass and ω~κ =
√
~κ2 +m2g. Apparently,
if p > pc, one has−ǫB+Eg− ~p
2
mQ
=
~p2c
mQ
+mg− p
2
mQ
<
mg ≤ ω~κ, so that the zero point of the argument of
the δ-function can never be reached for any κ > 0,
and therefore the corresponding integrand vanishes;
that is to say, pc serves as a cut-off for the integra-
tion over p. On the other hand, for p < pc, the
δ-function can be integrated out via
∫
dκ, which,
together with
∫ pc
0
dp, yields a finite result. How-
ever, if the gluon is massless, A(p, k) and B(p, k)
of Eq. (10) would be ∝ 1/ω~κ = 1/κ, causing an in-
frared divergence (from κ→ 0) that manifests itself
in the integration
∫ pc
0 dp as p→ pc. In contrast, no
divergence would occur if the initial state incident
gluon is massless (the same is true for LO disso-
ciation cross section [18]), as the denominator of
C(p, κ) and D(p, κ) (see Eq. (12)) ∝ ω~k = k must
be larger than ǫB in order to overcome the bound
state binding energy.
Similarly, for T
(c)
fi + T
(d)
fi , the cross section is de-
rived, which reads
σ(c+d)(Eg) =
g4s
8π4
1
Eg
∫
dp
∫
dκ
κ2
ω(~κ)
∫
dΩ~κ
∫
dΩ~k
[
∫
r3drj1(pr)R10(r)]
2 × g(~κ, ~p,~k)
× [ ω(~κ)− ω(
~k)
ω2(~k − ~κ)− (ω(~k)− ω(~κ))2
]2δ(−ǫB + Eg − ~p
2
mQ
− ω~κ),
(22)
where g(~κ, ~p,~k) is a polynomial function of these
three momenta, that arises from averaging over po-
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Figure 2: (Color online) NLO cross sections (from ampli-
tudes (a) + (b) and (c) + (d), respectively) of J/ψ (upper
panel), and Υ(1S) (lower panel) with a gluon of effective
mass mg = 600MeV, in comparison with the corresponding
LO (gluo-dissociation) cross section. Vacuum bound state
wave functions with Coulomb potential and full Cornell po-
tential are used and compared (see text for more details).
larization vectors ~ǫ~κσ and ~ǫ~kλ with
∑
σ
ǫ
(i)
~κσǫ
(j)
~κσ = δ
ij − κ
iκi
~κ2
. (23)
Here because of explicit angular dependence,
Eq. (19) ceases to function in favor of Eq. (23).
The δ-function in Eq. (22) is handled in the same
way as discussed above. For massless and collinear
(i.e., ~k // ~κ) gluons, the denominator of the term
in the square bracket of Eq. (22) is vanishing; this
soft-collinear divergence will be regularized by finite
thermal gluon masses.
To sum up, we’ve demonstrated the derivation
of the NLO dissociation cross section for the 1S
state J/ψ. The same has been also derived for the
P -wave state χc, which is a bit more complicated
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because of dependence of the pertinent wave func-
tion on the azimuthal angle. The NLO cross section
thus derived is divergent (infrared and soft-collinear
divergence) if the gluons are massless. Neverthe-
less, to make a comparison with the LO (gluo-
dissociation) cross section that is well defined even
in vacuum, we assume an effective mass of the typ-
ical constituent value mg = 600MeV for the gluon
and evaluate the NLO cross section with vacuum
bound state wave function. The results are dis-
played in Fig. 2 for J/ψ and Υ(1S), where solutions
of the bound state wave functions with Coulomb
or full Cornell potential from Schro¨dinger equation
(see the next section for more details) are also com-
pared. Unlike the LO cross section falling off to-
ward higher gluon energies, the NLO cross section
from amplitude (a) + (b) (Eq. (20)), with the be-
ginning point delayed (the incident gluon now needs
to overcome the binding energy plus the final state
gluon mass in order to break up the bound state),
increases monotonously with the incident gluon en-
ergy, while the NLO cross section from amplitude
(c) + (d) (Eq. (22)) quickly levels off.
3. NLO Dissociation of Various Heavy
Quarkonia in an In-medium Potential
Model
3.1. In-medium NLO cross sections
We now turn to the calculation of in-medium
NLO dissociation cross section of heavy quarkonia
by thermal gluons. In QGP, the gluons acquire
a temperature dependent thermal mass, which is
taken to be mg(T ) =
√
3/4gsT with fixed gs = 2.3
for Nf = 3 active light flavors and Nc = 3 col-
ors [29], rendering the NLO cross section finite. For
the in-medium bound state radial wave functions
Rnl(r) that enter the evaluation of the cross sec-
tions, we solve the radial Schro¨dinger equation of
the QQ¯ system
1
r2
d
dr
(r2
dRnl
dr
)+
[mQ(En,l − 2mQ − V (r, T ))− l(l + 1)
r2
]Rnl(r) = 0,
(24)
with a temperature dependent potential parameter-
ized in [30]
V (r, T ) = −α
r
e−mD(T )r +
σ
mD(T )
(1 − e−mD(T )r),
(25)
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Figure 3: (Color online) NLO dissociation cross sections
(from amplitudes (a) + (b) and (c) + (d), respectively) by
thermal gluons for J/ψ (upper panel),ψ(2S) and χc (lower
panel) at finite temperatures (below their respective disso-
ciation temperature), in comparison with the corresponding
LO (gluo-dissociation) cross sections. The inserts display the
NLO cross sections at full scale.
which is a modification of the vacuum Cornell po-
tential V (r, 0) = −α/r+σr by color screening [30],
with the Debye screening mass mD/T = −4.058 +
6.32 · (T/Tc − 0.885)0.1035 (Tc = 172.5MeV) fit-
ted to lattice data from [31, 18]. With coupling
strength α = 4/3αs = 0.471 of the Coulomb part,
the string tension σ = 0.192GeV2 of the confin-
ing part, and heavy quark masses mc = 1.320GeV,
mb = 4.746GeV, the vacuum masses of charmo-
nia and bottomonia below threshold are well repro-
duced [30, 18]. The temperature-dependent bind-
ing energy of the bound state is then obtained via
ǫB(T ) = 2mQ + σ/mD(T ) − En,l(T ), whose zero
point defines the dissociation temperature of the
bound state under consideration [30, 18].
The thus solved temperature-dependent wave
functions and binding energies are then used in
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Figure 4: (Color online) Same as Fig. 3 for bottomonia:
Υ(1S) (upper panel), Υ(2S) (middle panel) and χb (lower
panel).
Eqs. (20) and (22) , to compute the NLO cross sec-
tions for various heavy quarkonia. The results for
ground states J/ψ and Υ(1S) in vacuum but with
a “constituent” gluon mass were already shown in
Fig. 2; results of in-medium NLO cross sections
for various charmonia are displayed in Fig. 3, in
comparison with the LO counterparts [18], for sev-
eral temperatures below the corresponding dissocia-
tion temperature of the quarkonium under consid-
eration. Again, unlike the LO (gluo-dissociation)
cross sections dropping off toward high energies,
the NLO cross sections from amplitude (a) + (b)
increase monotonously with the incident gluon en-
ergy, and those from amplitude (c) + (d) quickly
saturate at a relatively small value. The less tightly
bound excited states (ψ(2S) and χc) possessing a
larger radius, exhibit accordingly larger NLO as
well as LO cross sections than the ground state J/ψ.
As temperature increases, the bound state wave
function expands and the binding energy decreases.
While the former tends to bring up both kinds of
NLO cross sections, we have checked the latter con-
tributes oppositely (through the energy factors in
Eqs. (20) and (22)) to the temperature dependence
of these two kinds of NLO cross sections. In the case
of the NLO cross sections from amplitude (c)+ (d),
the energy factor in Eq. (22) decreases with decreas-
ing binding energy, over-counteracting the effect of
expanding wave function and thus leading to an
overall decrease of the cross section as temperature
rises, in contrast to the fast increase of the NLO
cross sections from amplitude (a) + (b). When the
temperature rises near to the pertinent dissociation
temperature, the bound state radius grows very fast
and starts to blow up [30, 18] and certainly over-
takes the thermal gluon wave-length, thereby inval-
idating the dipole coupling mechanism underlying
our calculations. Yet such a large NLO cross section
seems to be supported by a large phenomenologi-
cal dissociation rate (of the order ∼GeV) that was
empirically needed in heavy quarkonium transport
in QGP [32]. We will come back to this point later.
Similar behavior of the in-medium NLO versus
LO cross sections for bottomonia has also been
found, as shown in Fig. 4. The most tightly bound
ground state Υ(1S) has the smallest size (and ac-
cordingly smallest cross section), guaranteeing that
the dipole coupling mechanism is most applicable.
Furthermore, the technical approximation made in
our calculations that the rest frame of the bound
state is considered also the rest frame of the fi-
nal state octet (QQ¯)8 (i.e., neglecting the recoil
effect on the bound state by the incident gluon,
see Sec. 2.2) should be well justified for the much
more massive bottomonia. Therefore, we deem that
our results of NLO cross sections are quantitatively
most reliable for Υ(1S), especially at temperatures
not too close to its dissociation temperature. The
excited states Υ(2S) and χb have similar sizes and
8
1.0 1.1 1.2 1.3 1.4 1.5 1.6
0
10
20
30
40
50
60
70
80
90
100
T/T
c
J/
 NLO
 LO
 
 
 
di
ss
(M
eV
)
1.0 1.2 1.4 1.6
0
1000
2000
3000
4000
5000
 
 
di
ss
(M
eV
)
T/T
c
NLO
1.0 1.1 1.2
0
50
100
150
200
250
300
T/Tc
 NLO (2S)
 NLO c
 LO (2S)
 LO c
 
 
 
di
ss
(M
eV
)
1.0 1.1 1.2
0
2000
4000
6000
8000
10000
 
 
di
ss
(M
eV
)
T/Tc
NLO
Figure 5: (Color online) Total NLO dissociation rates by
thermal gluons for J/ψ (upper panel),ψ(2S) and χc (lower
panel) at finite temperatures (up to their respective disso-
ciation temperature), in comparison with the corresponding
LO (gluo-dissociation) dissociation rates. The inserts display
the NLO dissociation rates at full scale.
binding energies as those of J/ψ, and therefore, sim-
ilar NLO (and also LO) cross sections, too.
3.2. NLO dissociation rates in QGP
The dissociation rate, an input of phenomeno-
logical studies of heavy quarkonia transport in the
QGP [3, 4, 5, 7, 8, 9], is obtained by folding the
pertinent cross section with the thermal gluon dis-
tribution. For a bound state sitting at rest in the
QGP, the dissociation rate reads
Γdiss(T ) = dg
∫
d3~k
(2π)3
fg(Eg(~k))vrelσ(Eg(~k), T ),
(26)
where dg = 2 · 8 = 16 is the gluon degeneracy, vrel
the relative velocity between the incident gluon and
the quarkonium at rest, and fg = 1/(e
E(~k)/T − 1)
the Bose distribution with gluon energy E(~k) =
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Figure 6: (Color online) Same as Fig. 5 for bottomonia:
Υ(1S) (upper panel), and Υ(2S) and χb (lower panel). The
quasi-free result (with gluon’s contribution only) for Υ(1S)
was taken from [6].
√
~k2 +m2g(T ). We note that the typical thermal
gluon energy is of the order of a couple of times
the temperature (for massless gluons, the value is
3T ); for typical temperatures ∼ 200 − 400MeV
reached in relativistic heavy-ion collisions at RHIC
and the LHC, the typical thermal gluon energy then
is on the order of ≤ 1GeV, which is much smaller
than the mass of charmonia and bottomonia. We
thus conclude that in calculating the dissociation
rate, the thermal gluons do not quite probe the
NLO cross section at very high energies, and there-
fore, the approximation we’ve made in calculating
the NLO cross section that the recoil effect on the
bound state is neglected and the rest frame of the
bound state is considered also the rest frame of the
final state octet (QQ¯)8 (see Sec. 2.2) is safe, espe-
cially for the more massive bottomonia. This has
been verified by numerical calculations.
The calculated total NLO dissociation rates (with
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the total NLO cross section of the two kinds) are
compiled in Fig. 5 and Fig. 6 for charmonia and
bottomonia, respectively, in comparison with the
corresponding LO gluo-dissociation rates [18]. At
low temperatures, the bound states (especially the
ground states J/ψ and Υ(1S)) are still sufficiently
tightly bound, the incident gluon of long wave-
length does not resolve the substructure of the
bound state and therefore the LO scattering re-
mains more effective, rendering the LO dissocia-
tion rates dominant over the NLO results. For the
most tightly bound Υ(1S), this temperature region
is relatively broad, extending up to ∼ 1.5Tc. At
higher temperatures, the NLO dissociation rates
take over from the LO results that quickly drop
off, and keep increasing with temperature, reaching
the order of ∼GeV near the dissociation temper-
atures for each quarkonium. In the case of Υ(1S)
(upper panel of Fig. 6), the calculated NLO dis-
sociation rate was compared with the quasi-free
result [6], whose underlying cross section was ob-
tained by doubling that of the thermal gluon scat-
tering off single bottom quark including appropri-
ate interference effect [6]. Apparently the former
increases much faster than the quasi-free result to-
ward high temperatures, which might be due to the
fact that the effect of the expanding bound state
wave function, while captured in the present NLO
calculation, is lacking in the quasi-free scenario.
As remarked before, at temperatures very close
to the heavy quarkonium dissociation temperature,
the radius of bound state starts to blow up and thus
the dipole coupling mechanism underlying our cal-
culations must become invalidated. So the NLO
dissociation rates near the dissociation tempera-
tures shown here may be quantitatively question-
able. Yet this large dissociation rate seems to be
supported by a transport study of bottomonia phe-
nomenology in QGP [32], where, according to the
authors, an empirical value of the effective “disso-
ciation” or “decay”rates of order of ≥ 2GeV at and
above the dissociation temperature for the then un-
bound states was indeed needed to give a fair de-
scription of the bottomonia suppression at the LHC
energy. Then if the dissociation rate were to be a
continuous function across the dissociation temper-
ature, the NLO dissociation rates of order of ∼GeV
near the dissociation temperature as calculated here
may not be unreasonable.
4. Summary
In this work, we have calculated the NLO inelas-
tic dissociation cross sections of heavy quarkonia
by thermal gluons in the QGP in the approach of
second-order quantum mechanical perturbation,
using a color-electric dipole coupling effective
interaction Hamiltonian from the QCD multipole
expansion [25, 26]. Bound state effects have been
systematically included and investigated, and
comparisons with the LO counterparts calculated
in the same framework [18] have been made and
examined. The NLO cross section turns out to be
divergent (infrared and soft-collinear divergence),
which is regularized by thermal gluon masses in
the QGP. The NLO dissociation rates obtained by
folding the pertinent cross sections with the ther-
mal gluon distribution, increases monotonously
with temperature, thus removing the artifact
of the LO (gluo-dissociation) approximation in
which the dissociation rates decrease toward high
temperatures [18]. Our calculations, taking the
dynamical scattering point of view, might provide
another perspective of understanding the NLO
break-up process of heavy quarkonium in QGP,
complementing the Landau damping mechanism
proposed before [21, 23, 24]. The NLO (and LO)
dissociation rates evaluated in the present work,
could be applied not only to the classical transport
study of the Boltzmann type of the heavy quarko-
nium evolution in the QGP [3, 4, 5, 6, 7, 8, 9],
but also might be useful in the open quantum
system approach to in-medium heavy quarkonium
production [33, 34, 35].
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